We study the Sunyaev-Zeldovich effect for clusters of galaxies. The Boltzmann equations for the CMB photon distribution function are studied in three Lorentz frames. We clarify the relations of the SZ effects among the different Lorentz frames. We derive analytic expressions for the photon redistribution functions. These formulas are applicable to the nonthermal electron distributions as well as the standard thermal distribution. We show that the Fokker-Planck expansion of the Boltzmann equation can be expanded by the power series of the diffusion operator of the original Kompaneets equation.
INTRODUCTION
The Sunyaev-Zeldovich (SZ) effect (Zeldovich and Sunyaev 1969; Sunyaev and Zeldovich 1980) , which arises from the Compton scattering of the cosmic microwave background (CMB) photons by hot electrons in clusters of galaxies (CG), provides a useful method for studies of cosmology. For the reviews, for example, see Birkinshaw (1999) and Carlstrom et al. (2002) . The original SZ formula has been derived from the Kompaneets equation (Kompaneets 1956) in the non-relativistic approximation. However, X-ray observations, for example, Allen et al. (2002) have revealed the existence of high-temperature CG such as kBTe ≃20keV. For such high-temperature CG, the relativistic corrections will become important.
On the other hand, it has been known theoretically for some time that the relativistic corrections become significant at the short wave length region λ < 1mm. In particular, the recent report on the first detection of the SZ effect at λ < 650µm by the Herschel survey (Zemcov et al. 2010) seems to confirm the relativistic corrections. Furthermore, new generation observations, for example, by Planck Collaboration (2011) are carrying out systematic studies of the precision measurements on the SZ effect. Therefore, reliable theoretical studies on the relativistic SZ effect at short wave length will become extremely important for both existing and forthcoming observation projects.
The theoretical studies on the relativistic corrections have been done by several groups. Wright (1979) ⋆ E-mail: snozawa@josai.ac.jp † c/o S. Nozawa, tentative address and Rephaeli (1995) have done the pioneering work to the SZ effect for the CG. Challinor and Lasenby (1998) and have adopted a relativistically covariant formalism to describe the Compton scattering process and have obtained higherorder relativistic corrections to the thermal SZ effect in the form of the Fokker-Planck expansion approximation. have extended their method to the case where the CG is moving with a peculiar velocity βc with respect to the CMB frame and have obtained the relativistic corrections to the kinematical SZ effect. Their results were confirmed by Challinor and Lasenby (1999) and also by Sazonov and Sunyaev (1998) . have also applied the covariant formalism to the polarization SZ effect (Sunyaev and Zeldovich 1981) . The effect of the motion of the observer was also studied, for example, by Chluba, Hütsi and Sunyaev (2005) and Nozawa, Itoh and Kohyama (2005) . The importance of the relativistic corrections is also exemplified through the possibility of directly measuring the cluster temperature using purely the SZ effect (Hansen 2004) . On the other hand, also studied the relativistic corrections on the SZ effect by calculating the Boltzmann equation in the CG frame and extending it to other frames. They reported the importance of the separation of kinetic and scattering terms for the interpretation of future SZ data, where the retardation effect (1 − βcµc) gives a relevant correction.
In the present paper, we give formal relations for the rate equations among different Lorentz frames, namely, for the CMB frame, CG frame and a general observer's (OBS) frame. We clarify the relations of the SZ effects among the c 0000 RAS different Lorentz frames. We derive analytic expressions for the photon redistribution functions. These formulas are applicable to the nonthermal electron distributions as well as the standard thermal distribution. We show that the FokkerPlanck expansion of the Boltzmann equation can be expanded by the power series of the diffusion operator of the original Kompaneets equation.
The present paper is organized as follows. In Section 2, we give formal relations for the rate equations among different Lorentz frames. Starting from the Lorentz invariant Boltzmann equation for the photon-electron scattering in the CMB frame, we derive the relation formula between the CMB and CG frames. Then, we extend it to the relation between the OBS and CG frames. Integrating the rate equations along the line-of-sight, we formally show the Lorentz invariance of the SZ effect. In Section 3, we derive the expression for the rate equation in the CG frame in terms of three redistribution functions P ℓ,c (sc, β). Then, we transform the rate equation in the CG frame to the CMB frame in Section 4. We introduce new redistribution functions in the CMB frame with P ℓ,c (sc, β). In Section 5, we transform the rate equation in the CG frame to the OBS frame. In Section 6, we derive analytic expressions for the redistribution functions. With these formulas, 5-dimensional integrals for solving the rate equations are reduced to 2-dimensional integrals. Concluding remarks will be given in Section 7. We show the relations for the electron number densities among three Lorentz frames in Appendix A. In Appendix B, we derive the rate equations in the CG and CMB frames with the Fokker-Planck expansion approximation for the thermal electron distribution. We show that the Fokker-Planck expansion of the Boltzmann equation can be expanded by the power series of the diffusion operator of the original Kompaneets equation (Kompaneets 1956 ). We also compare the present result with previous works. Finally, we explore properties of the redistribution functions in Appendix C.
GENERAL FORMALISM
In the present section, we discuss the formal relations of the rate equations for the CMB photons among three different Lorentz frames, namely, the CMB frame, the CG frame and the OBS frame. Recent work by also discussed the relations of the rate equations among different Lorentz frames by studying the Lorentz transformations of the optical depth. And the results were calculated in the Fokker-Planck expansion approximation for the thermal electron distribution. On the other hand, we show formal study based upon the general Lorentz invariant Boltzmann equation. The results are presented without the FokkerPlanck expansion approximation. The obtained expressions are applicable to arbitrary electron distributions.
Let us start with the following Lorentz invariant expression of the Boltzmann equation for the electron-photon scattering in the CMB frame:
where α is the fine structure constant, k = (ω, k) and
are the initial and final CMB photon momenta, respectively, and p = (E, p) and p ′ = (E ′ , p ′ ) are the momenta for electrons. In Eq. (1), n(ω) and f (E) denote the distribution functions for the CMB photons and electrons in the CG, respectively, andX is the invariant transition probability of the Compton scattering, which will be discussed in Section 3. In the present paper, we use the natural unit h = c = 1, unless otherwise stated explicitly.
Assuming that the CMB photon distribution is spatially homogeneous, the space derivative term in the left hand side of Eq. (1) can be dropped. In and , the Boltzmann equation of Eq. (1) was calculated in the CMB frame under this assumption.
On the other hand, the left hand side of Eq. (1) can be rewritten with variables in the CG frame as follows:
where kc = (ωc, kc) denotes the momenta of the initial CMB photons in the CG frame, and nc(ωc) is the CMB photon distribution function in the CG frame. Let us consider that the CG is moving with a velocity βc with respect to the CMB frame. Then, the photon energies are related by the Lorentz transformation, ωc = γc (1 − βcµc) ω, where γc = 1/ 1 − β 2 c , and µc =βc ·k. Assuming that the CMB photon distributions are spatially homogeneous in both frames, Eq. (2) becomes
where we introduced new variables xc ≡ ωc/kBTCMB and x ≡ ω/kBTCMB. Thus, Eq. (3) gives the relation for the rate equations between the CMB and CG frames. Note that also derived Eq. (3) with different approach. On the other hand, one can reverse the relation of Eq. (3) as
where µ c c =βc ·kc. As far as the CMB photon distributions are spatially homogenous in both frames, Eq. (3) and Eq. (4) are equivalent. Finally, we rewrite Eq. (3) with new variables τ and τc as follows:
where σT is the Thomson scattering cross section, and Ne and N c e are the electron number densities in the CMB and CG frames, respectively, which are related by Ne = γcN c e . Next, we extend Eq. (2) to the OBS frame moving with a velocity βo with respect to the CMB frame. Under the assumption of the spatial homogeneity for the CMB photon distributions, one has
where 
Challinor and Leeuwen (2002) discussed the transformation law for the photon propagation directions between two different Lorentz frames, which implieŝ
Inserting Eq. (10) into Eq. (9), one obtains 
where N o e is the electron number density in the OBS frame, which is related to N 
In Appendix A, we give the explicit derivation of Eq. (14). Thus, Eqs. (5) and (12) summarize the formal relations for the rate equations among the CMB, CG and OBS frames. Finally, let us consider the integral of the rate equation in the CG frame along the line-of-sight dℓc. One has
where dℓc = cdtc and dℓ = cdt. In deriving the first and last equalities in Eq. (15), we used the Lorentz transformations dtc = γc(1 − βcµc) dt and Eq. (3), respectively. Furthermore, Eq. (15) can be rewritten as
where dℓo = cdto, and we used the Lorentz transformations dt = γo(1 + βoµ o o ) dto and Eq. (8) in deriving the first and last equalities, respectively. Thus, the integral of the rate equation along the line-of-sight (, which is the SZ effect) is Lorentz invariant.
CALCULATIONS IN THE CG FRAME
In the present section, we derive the rate equation in the CG frame. Let us first define the kinematics in the CG frame. The four momenta of the initial and final electrons are pc = (Ec, pc) and p 
where µ =β·kc, µ ′ =β·k ′ c , γ = 1/ 1 − β 2 , and the electron distribution function is normalized by
It should be noted that the Thomson approximation used in deriving Eqs. (17) and (18) is extremely good approximation for the CMB photon energies. Now, we expand the photon distribution functions in power series of βc up to O(β 2 c ) under the assumption βc ≪ 1. One obtains the standard expressions (Chluba, Khatri and Sunyaev 2012) :
where µ 
is the Lorentz invariant operator. Choosing the direction of βc along z-axis, one can reexpress P ℓ (µ c′ c ) as
where φ k ′ c and φ kc are the azimuthal angles ofk ′ c andkc, respectively. In deriving Eq.(24), only m = 0 term survived, because the photon distribution ofkc is axially symmetric for the z-axis.
Then, we introduce a new variable sc by
Inserting Eqs. (21), (22) and (24) into Eq. (17), one finally obtains the rate equation in the CG frame as follows:
where
In deriving Eq. (26), we used a familiar property of P0,c(sc),
In Appendix B1, we derive the expression for Eq. (26) in the Fokker-Planck expansion approximation for the thermal electron distribution. In Appendix C, we show that the redistribution function P ℓ,c (sc) satisfies the following useful relation: 
TRANSFORMATION TO THE CMB FRAME
In the present section, we rewrite Eq. (26) in terms of variables in the CMB frame. Inserting the result into Eq. (5), one obtains the rate equation in the CMB frame. The photon distribution functions are expanded up to O(β 2 c ) as follows:
n(e sc xc) = n(e sc x) + 1 6 β 2 c Dx(Dx + 2) n(e sc x) +βcP1(µc) Dxn(e sc x)
Similarly, one can expand
Inserting Eqs. (31)- (33) into Eq. (26), one has
where we introduced the following redistribution functions:
Before proceed to the final step in deriving the rate equation in the CMB frame, it should be noted as follows. As indicated in Section 3, Eq. (26) conserved the photon number. However, Eq. (34) which corresponds to Eq. (25) of violates the photon number in the β 2 c term. This can be checked with the explicit forms for the O1(Dz) operator of Eqs. (B10)-(B16). This illustrates that the photon number conservation is representation dependent.
Inserting Eq. (34) into Eq. (5), one finally obtains the rate equation in the CMB frame as follows:
In Appendix B2, we derive the expression for Eq. (38) in the Fokker-Planck expansion approximation for the thermal electron distribution and compare the result with previous works. Note that one can use Eq. (38) for the spectral intensity function I(x) ≡ x 3 n(x)/2π 2 except for replacing e s by e −s and Dx by Dx − 3. This can be verified with Eq. (29).
Finally, it should be noted that Eq. (38) satisfies the photon number conservation. This can be checked by integrating Eq. (38) over the phase space volume element d 3 x.
TRANSFORMATION TO THE GENERAL OBSERVER'S FRAME
In the present section, we now rewrite Eq. (34) in terms of variables in the OBS frame. Inserting the result into Eq. (12), one obtains the expression for the rate equation in the OBS frame. The photon distribution functions are expanded up to O(β 2 o ) under the assumption βo ≪ 1:
n(e s x) = n(e s xo)
Similarly, βcP1(µc) and β 2 c P2(µc) are transformed,
Inserting Eqs. (39)- (42) into Eq. (34), one finally obtains Eq. (12) as follows:
xo n(e s xo)
The photon number conservation is manifest for Eq. (43) by the following reason. Equation (44) Let us now study the expression of Eq. (43) in the limit βo = βc. It is nontrivial whether the obtained expression has the correct form in the limit. In this limit, one can show that µ Finally, it should be remarked as follows. In , it was suggested to use µc instead of µ o c in Eq. (43), because they are interested in µc for the study of the large-scale velocity fields. These angles are related with Eq. (10) by
Inserting Eq. (47) into Eq. (43), one finds the following modifications. As for Eq. (44), P ℓ (µ o c ) should be simply replaced by P ℓ (µc) for ℓ = 0, 1, 2. There are no modifications to Eq. (45). On the other hand, Eq. (46) is modified as
It is clear that the first term in the βo · βc terms does not conserve the photon number unless βo · βc = 0, which again illustrates that the photon number conservation is representation dependent.
ANALYTIC EXPRESSIONS FOR THE REDISTRIBUTION FUNCTIONS
For the practical calculation of the rate equation, Eq. (26) can be solved by calculating 5-dimensional integrals of Eq. (27). For the present computer technologies, the direct numerical integration can be done within a reasonable CPU time. However, it is important to derive analytic expressions not only to reduce the CPU time of the computer, but also to investigate properties of functions in the equation. The obtained analytic expression will be useful to analyze observational data. According to , we introduce the following Lorentz transformations for the photon angles from the CG frame to the electron rest (ER) frame:
where µ0 =β ·k0 and µ 
Similarly, P ℓ (cosΘc) can be reexpressed by
Inserting Eqs. (49) and (50) into Eq. (18), one has
One can then express P ℓ,c (sc) in Eq. (26) by
where βmin = (1 − e −|sc| )/(1 + e −|sc| ),pe,c(β) ≡ m 3 pe,c(Ec), m is the electron rest mass. And
After lengthy but straightforward calculation, one finally obtains the following results:
P02,c(sc, β) = 1 2 P00,c(sc, β)
where coshz = (e z + e −z )/2, sinhz = (e z − e 
P12,c(sc, β) = 1 2 P10,c(sc, β)
P20,c(sc, β) 
Thus, Eqs. (62)- (67) summarize the analytic expressions for the redistribution functions in the CG frame. Analytic expressions for the CMB and OBS frames are obtained with Eqs. (35)-(37). With these formulas, 5-dimensional integrals for the rate equations were reduced to 2-dimensional integrals. Finally, it should be emphasized that the present analytic formulas have advantages compared with previous analytic formulas ) and/or the analytic fitting formulas of the numerical calculation. The present formulas were derived directly from the underling scattering physics without introducing any expansion approximations. Therefore, they are free from the artificial oscillations due to the power series expansions. Furthermore, the previous analytic formulas are restricted to the cases of the thermal electron distribution. On the other hand, the present formulas are applicable to nonthermal electron distributions as well as the standard thermal distribution. Thus, the present formulas provide us a wider applicability for the analysis of the observational data.
CONCLUSIONS
We studied the Sunyaev-Zeldovich effect for the clusters of galaxies in the Thomson approximation. In Section 2, we started with the Lorentz invariant expression of the Boltzmann equation for the electron-photon scattering in the CMB frame. Assuming that the CMB photon distributions are spatially homogeneous both in the CMB and CG frames, we derived the formal relation for the rate equations between the CMB and CG frames, which agreed with . We extended the formula to the relation between the CG and OBS frames. The formal relations for the rate equations among three Lorentz frames have been established. By integrating the rate equations along the line-of-sight, we showed the Lorentz invariance of the SZ effect (the number of scatterings for a given photon frequency). Thus, we clarified the relations of the SZ effects among the different Lorentz frames.
In Section 3, we investigated the rate equation for the photon distribution function in the CG frame. We introduced three redistribution functions P ℓ,c (sc) (ℓ = 0, 1, 2) and expressed the rate equation in terms of these functions. We also reexpressed the rate equation in the operator representation in Appendix B1. We showed the rate equation in the Fokker-Planck expansion approximation for the thermal electron distribution in terms of the diffusion operator ∆z of the original Kompaneets equation (Kompaneets 1956) .
In Section 4, we transformed the rate equation in the CG frame to the CMB frame with the formula established in Section 2. We calculated the rate equation in the Fokker-Planck expansion approximation for the thermal electron distribution in Appendix B2. We compared the present result with the previous works such as and . We found that the present work agreed with these works completely when we multiplied the factor 1/γc to the result of .
In Section 5, we transformed the rate equation in the CG frame to the OBS frame. The obtained expression had advantages compared with previous works. First, the photon number conservation was manifestly realized in the present form. Secondly, in the limit of βo = βc the present expression was correctly reduced to the form in the CG frame.
Finally, we derived analytic expressions for the redistribution functions P ℓ,c (sc, β) for ℓ = 0, 1, 2 in Section 6. The present formulas are applicable to nonthermal electron distributions as well as the standard thermal distribution. With these formulas, 5-dimensional integrals for solving the rate equations were reduced to 2-dimensional integrals. These analytic expressions are useful for the analysis of the observational data.
One can finally rewrite Eq. (A3) with Eq. (A9) and the Lorentz invariant relation fo(Eo) = fc(Ec) as 
In deriving Eq. (A10), the terms in the { } brackets in Eq. (A9) were dropped by the integral over the solid angles, because fc(Ec) is isotropic. Finally, it is clear from Eq. (A10) that one obtains N We now derive the expressions for the operators O ℓ (Dz) in the Fokker-Planck expansion approximation for the thermal electron distribution. They are as follows:
O0,1 = ∆z ,
O0,2 = − 3 10 ∆z + 7 10 ∆ 2 z , 
